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In this case we use the function [w] which denotes the largest integer g w. Put

[ + -
(3) e ldadpa,
and test the sign of zy for k = kg, if it is + then k ¢ k° if it is - then k > k°
We can therefore put ki = k;, k;+1 = kg or k4 = k k 1 k; , respectively.

This completes the inductive step from i to i+l. Sooner or later, say for i = io’

+ - . . .
k; - k; = 1 will occur, and the process will terminate.

Note, that k,1-kfy1 € 204 - 15 + 1), der, WG 2 200K L,
i.e., k1 1-k{_1 2 2(k -k )-1. For 1 =3 o however k -k =1, k1 1-Ki-1 1,

-2
hence ki_1-k;71 2 2. Thus k;‘o_l - k{o_l 22, kio_z - k-io_z 23,..., kj-k] 2 2 12,

However, ki-ki = N-M-1, therefore,
(4) io < 2log (N-M-2) + 2.

The virtue of this "bracketing' method is, of course, that the number
of steps it requires is of the order of 2log N, and not, as it would be with most
other trial and error methods, of the order of N. (Note, that N is likely to be
large compared to M, which alone figures in the estimates of 10.5 and 10.7.)

After K has been obtained, we can utilize the routine of Problem 12
to complete the task, just as at the corresponding point of the discussion of
Problem 13.a in 10.7. This means that we propose to use the coded sequence 0-52
of 10.5, and that we will adjust the coded sequence which will be formed here,
just as in 10.7.

The situation with the constants of Problem 12 is somewhat simpler
than it was in 10.7. Again, p, q, and x need be given values which correspond to
the new situation. x is clearly our present y. p,...,ptM-1 and q,...,q"M-1 are
the positions of the py,...,py and xp,...,%y of Problem 12, i.e., the positions of
our present qp ,...,qgs-1 and yg, - "YEHW 1» i.e., they are p+k-1,...,p+k*M-2 and

qtk-1,...,qtk*M-2. Hence p = ptk-1, q = g*k-1. The complications in 10.7, connected
with q, or, more precisely, with the YR+ o YE4M-17 do not arise here, since Problem
13.b prov1ded for storing the entire sequence yy,...,yN-

In assigning letters to the various storage areas to be used, it must
be remembered, just as at the corresponding point in 10.7, that the coded sequence
that we are now developing is to be used in conjunction with (i.e., as a supplement
to) the coded sequence of 1U.5. As in 10.7, we have to classify the storage areas
required by the latter, but this classification now differs somewhat from that one
of 10.7: We have the storage areas D-F, which are incorporated in the final enumera-
tion (they are 38-51 of the 0-52 of 10.5); A and B (i.e., p,...,pM-1 and q,...,q*M-1),
which will be part of our present A and B (i.e., of p,...,pN-1 and q,...,q*N-1, they
will be p+k-1,...,p+kM-2 and g+k-1,...,3+k*M-2); and C (i.e., r,...,r+M-2), which
may be at any available place. Therefore, we can, in assigning letters to the
various storage areas in the present coding, disregard those of 10.5, with the
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exception of C. Furthermore, there will again be no need to refer here to C (of
10.5), since the coded sequence of 10.5 assumes the area C to be irrelevantly
occupied. We will, at any rate, think of the letters which are meant to desig-
nate storage areas of the coded sequence of 10.5 as being primed. We can now
assign freely unprimed letters to the storage areas of the present coding.

Let A and B be the storage areas corresponding to the intervals from
p to pN-1 and from g to qiN-1. In this way their positions will be A.1,...,N
and B.1,...,N, where A.i and B.i correspond to p+i-1 and g+i-1 and store g; and
¥;- As in previous problems, the position of A and B need not be shown in the
final enumeration of the coded sequence.

The given data of the problem are p, g, M, N, y, also r of the coded

sequence of 10.5. M, r are already stored there (as (M-1) , ro at 38, 43); and
y, too (it coincides with x at 45). The definitions of p,oq involve k (p=p+k-1,

=g*k-1), and Kk originates in the machine. The form in which p is stored accord-
1ngly involves Kk (as p, = (p*k-1), at 41); while the form in which q is stored does
not happen to involve 'K (as (q-p-1)~ (q-p-l) at 44), Hence 41 must be left empty
(or rather, irrelevently occupied) when our present coded sequence begins to operate,
and it must be appropriately substituted by its operation. 44 might be used to store
(q-p-1)  from the start, but we prefer to leave it, too, empty (i.e., irrelevantly
occup1e8) and to substitute it in the process. Hence the constants requiring storage
now (apart from M, r, y which are stored in 0-52, cf. above) are p, q, N. They will
be stored in the storage area C. (It will be convenient to store them as (p-1) ,
(q-l) (N-l) .) The exit-locations of the variable remote connections will also
be accommodated in C. The induction index i need not be stored explicitly, since

the quantities kl, ki, k1 contain all that is needed to keep track of the progress
of the induction. (The i = i for which the "bracketing", i.e., the induction,
ends, is defined by k; -k; = 1, cf. above.) kg, ki, k; are position marks, they
will be stored as (3#$-1) , (g+{-1) , (q+ki-1)_ Gi.e., (B.AS) , (B.Kp)  (B.K]) )
o 1 170

in the storage area D. Finally, k, when formed (in the form \q+E-1) , 1. ‘e
(B. K) ) , will be stored in D, replacing the corresponding express1on of k.

The index i runs from 1 to i . In drawing the flow diagram, it is
convenient to treat the two preliminary steps (the sensing of the sign of z)
for k = 1 and k = N-M) as part of the same induction, and associate them

ideally with two values of i preceding i = 1, i.e., withi = -land i = 0.
For 1 = -1, 0 kg may be defined as the value of k for which the sign of zj -

is being tested (this is its role for i

o

1), i.e., as 1, N-M, respectlvely,

while k7, k: may remain undefined for i = -1, 0.

Our task is to calculate k (in the form (g+k- 1) o’ i.e., (B. K) ); to
substitute p_ = (p+k-1) | and (g-p-1 ) = (q-p-l) into 41 and 44; and flnally to
send the control not to e, but to the beglnn1ng of 0-52, i.e. to 0.

We can now draw the flow diagram, as shown in Figure 10.5. The
variable remote connections @ and P are necessary in order to make the differ-
ing treatments for i = -1, for i = 0, and for i 2 1, possible (cf. above).
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Regarding the actual coding we make these observations: Since kj, k;
are undefined for i = -1, 0, therefore the contents of D.2, 3 are irrelevant for
i =-1, 0 (cf. the storage distributied at the middle bottom of Figure 10.5). The
forming of (B.kJ) in X, with kci) = [2- (k;*'k'i') ], is best effected by detouring over
the quantities 2799(g+kS-1), 2739(g+k;-1), 2'39(c-1+k;'—1), because the operation m = L%n]
is most easily performed with the help of 273em, 2-3°n: Indeed the right-shift R carries

the latter directly into the former. The transitions between I and 27391 (in both
directions)are performed as discussed at the corresponding place in 10.7.

We will use 0-52 in 10.5 just as in 10.7, and the remarks which we made
there on this subject apply again. 4

The static coding of the boxes I-XI follows:

C.1 (01)o
2 (B1)o
I,1 c.1 Ac ()0
2 11,13 Sp 1,13 ay Ce
3 C.2 Ac (By) o
4 I1,14 Sp 11,14 By C
C.3 (3-1),
1,5 C.3 Ac G-1),
6 42 h Ac q,
7 D.1 S D.1 a,
(to I1,1)
II,1 D.1 Ac (GHs$-1)
—331 0
2 11,6 Sp 11,6 qkg-1
=10
3 38 h Ac (H#-2)
4 42 h Ac (q+k{i-1)
. -0
5 11,9 Sp 11,9 q+ki+M-l
6 -
[ a+k2-1 Ac {k:
7 R A = y.0
¢ 2 Yi3
8 .1 S .1 lyo
s s 2 kj
9 -
[ FH Q-1 Ac iS4
R A lyo
10 c 5 Yk
.1 A 1 +1lyo
11 s h c RER
-1 1
45 - A =21 o+ & 0 -
12 h c zk<i) 5 yki 2 kM Y



11,13
14

11,1
2
3

(to XI,1)
C.4
5
Iv,1

(to IL,1)

(to IX,1)
VI, 1
2
3
4
5

(to XI,1)

(22) 0
(B2)o
C.4
11,13
C.5
11,14

(N-1)
o

C.6
38

C.3
D.1

(¢3)o
(Bs)o
Cc.7

11,13
C.8
II,14
C.3
42
D.2
C.3
C.6

D.3

C.3
C.6
38
42
D.3

OOg)g)

=

Sp

h-
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Ac

D.3

Ac
11,13
Ac
11,14

Ac
Ac
Ac
D.1

Ac
11,13
Ac
11,14
Ac
Ac
D.2
‘Ac

Ac
Ac
D.3

Ac
Ac
Ac
Ac
D.3

(F-1)

Ll Q
o. o

(02) 0
)
(B2)o
Be

(N-1)

o
(N-M) o
(GN-M-1)
(FN-M-1)

(@s)o

Qg

(Bs)o

Bs

(Ef-l)O

1,

%

(E-l)o
(Eﬂﬁ-Z)o
(§+N-M-1)0
(g#N-M-1)

(3-1)
(gaN-2)
(GNM-1)
(FHN-M) _
(gN-M)_
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VII,1 D.1 Ac (F+k§-1)
2 D.3 S D.3 (q+k9-1)
1 o
(to IX,1)
VIIL,1 D.1 Ac (3#k¢-1)
1 o]
2 D.2 S D.2 - (g+k$-1)
(to IX, 1) °
IX,1 D.2 Ac (@%i-1),
D.3 h- Ac (k3-k])
10
42 h Ac (k3-k;+1)
(o)
4 XI, 1 Ce
(to X,1)
1 —y -
X, D.2 Ac (q+ki-1)o
2 D.3 h Ac (234G HG-2)
3 s.1 Sp' s.1 2-99(2gH +i-2)
4 s-1 Ac 27 99(2g+k+k]-2)
5 R Ac 2739(g+kS-1) =

- 2reog Jkiag) -1

s.1 Sp s.1 2'19(’&4’1{2-1)
1 s.1 h Ac (§+k2'1)0
8 D.1 S D.1 (§+k9-l)
1 0o
(to I1,1)
C.9 (5-1)0
Xi,1 C.9 5.
. Ac (p 1)0
2 C.3 h- Ac (ﬁ—c_l)o
3 D.3 h Ac (§+E-1)o
4 41 S . 41 (§+E-1)o
5 C.3 ' Ac (a-l)o
6 C.9 h- Ac (ﬁ-ﬁ)o
7 - -
. :Z h Ac (E-E-l)o
y S 44 (q-p-l)o
9 e' C

The ordering of the boxes is I, II; III, XI; IV; V, IX, X; VI; VII;
VIII, and II, XI, IX, IX, II must also be the immediate successors of IV, VI, VII,
VIII, X, respectively. This necessitates the extra orders

1v,9 11,1 o
VI, 6 XI,1 C
VII,3 X, 1 C
VIII,3 X1 C
X,9 11,1 c
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As indicated in Figure 10.5, e' is 0.

®,, Gp, O, By, B2, PBas correspond to III,1, V,1, VII,1, IV,1, VI, 1,
VIII,1, respectively. Hence in the final enumeration III,1, V,1, VII,1 must have
the same parity and IV,1, VI, 1, VIII,1, must have the same parity.

We must now assign C.1-9, D.1-3, s.1 their actual values, pair the 78

orders I,1-7, II,1-14, III,1-3, 1Iv,1-9, Vv,1-11, VI, 1-6, VII, 1.3, VIII 1-3, IX,1-4,
X,1-9, XI,1-9 to 39 words (actually two dummy orders, necessitated by the adjusting
of the parities of V,1 and VIII,1 to those of III,l and IV,1, respectively, increase
this to 40) and then assign I,1-XI,9 their actual values. We wish to do this again
as a catinuation of the code of 10.5. We will therefore again begin with the
number 53. Furthermore the contents of D.1-3, s.1 are irrelevant like those of

- 48-52 there. Hence they may be made to coincide with four of these. We therefore
identify them with 48-51 there. Summing all these things up, we obtain the
following table:

I1,1-7 53 -56 V,1-11 74'-79! VIII,1-3 91'r-92"
11,1-14 56'-63 1X,1-4 80 -81' C.1-9 93 -101
I1I1,1-3 63'-64"' X,1-9 82 -86 D.1-3 48 -50
X1,1-9 65 -69 VI,1-6 86'-89 s.1 51
IV, 1-9,* 69'-74 VII,1-3,* 891-91
Now we obtain this coded sequence:
53 93 , 62 Sp' 69 0oc, 9 85 51 h, 48S
54 94 , 63 Sp 70 62 Spl, 97 86 56 C', 95
55 95 , 42 h 71 63 Sp, 98 817 98 h, 38 h-
56 48 S, 48 12 38 h-, 95 h 88 42 h, 50S
57 59 Sp, 38 h 73 48 S, 56C' 89 65C, 48
58 42 h , 60 Sp' 74 - , 99 90 50S, 8C
59 - , R 75 62 Sp', 100 91 - , 48
60 518, - 76 63 Sp, 95 92 49 s, 80C
61 R, S5lh 1 42 h, 498 93 63,
62 45 h-, - Cc' 78 95 , 98 h 94 69,
63 - C', 9 79 38 h-, 50 S 95 (q-l)(3
64 42 h, 530S 80 49 , 50 h- 96 74
65. 101, 95 h- 81 42 h , 65 Cc 97 86°
66 50 h, 41S 82 49 , 50h %  (N°1)_
67 95 , 101 h- 83 51 Sp!, 51 99 89O
68 42 h-, 44 S 84 R, 519 100 91o
101 (p-1)
o
The state of 0-52 of 10.5 must be exactly as described at the end of
10.7.
The durations may be estimated as follows:
I: 275y, II: 485, III: 125w, IV: 350 p, V: 425, VI: 225 p,
VII: 125 p, VIII: 125 p, IX: 150 p, X: 330 p, XI: 350 p.
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Total: I + [II or II X 2 or II X (io+l)] + [III or (IV + VI) or {{IV + V +
+ (VIT or VIII) x (i -1) + IX x i +Xx (io-l)}]+ X1

(the two first alternatives in each bracket [ ] refer to two possibilities which
can be described by ig = 1 and io = 0)

(275 + 485 (io+1) + (775 + 125 (io-l) + 150 i+ 330 (io-l) +350)p =

maximum =
= (1,090 i+ 1,430) p.
maximum = (1,090 2]log (N-M-2) + 3610) p = (1.1 ?log (N-M-2) + 3.6) m.

Hence the complete interpolation procedure (10.5 plus 10.8) requires
(.9M2 - .4M+ 1.1 %log (N-M-2) + 3) m.

10,9 To conclude, we take-up a variant of the group of Problems 12-13,
which illustrates the way in which minor changes in the organization of a problem can
be effected ex post, i.e., after the problem has been coded on a different basis.

(In this connection, cf. also the discussion of 8.9.)

The description of the function under consideration in Problems 12 and
13.b, i.e., the two sequences P1,---»Py and xj,...,%y on one hand, and qy,...,qy and
Y1s++ 2N OR the other, were stored in two separate systems of consecutive memory
locations: p,...,ptM-1 and q,...,q*M-1 on one hand, and p,...,pN-1 and q,...,q#N-1
on the other. (These are the two storage areas A and B of those two problems.) For
Problem 13.a the situation is different, since here qp,---,qy alone are stored (at
the locations p,...,pHN-1, storage area A).

Assume now, that these data are stored together with the P;» X;» OF the
4;, Y4, alternating. I.e., at the locations p,...,p*2M-1, or p,...,p*2N-1, with p,,
x; at p+2i-2, p+2i-l,or q;, y; at p*2i-2, p+2i-1.

Since this variant cannot arise for Problem 13.a (cf. above), and since
its discussion for Problem 13.b comprises the same for Problem 12 (because the coding
of the former requires combining with the coding of the latter, cf. 10.8), therefore
we will discuss it for Problem 13.b.
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We state accordingly:
PROBLEM 13.c.

Same as Problem 13 in its form 13.b, but the quantities ¥1,--+, YN and
q1s---,qy are stored in one system of 2N consecutive memory locations:

p, ptl,...,p*2N-1 in this order: qls Y1se-+s9N» YN- =-°-

We must analyze the coded sequences 0-52 of 10.5 and 53-101 of 10.8
which correspond to Problems 12 and 13.b, and determine what changes are necessi-
tated by the new formnulation, i.e., by Problem 13.c.

Let us consider the code of 10.8, i.e., of Problem 13.b, first. The
changes here are due to two causes: First, y; is now stored at p+2i-1 instead of
gt+i-1; second, since the code of 10.5, i.e., of Problem 12, will also undergo changes,
the substitutions into it will change.

The first group is most simply handled in this way: Assume that p is
odd. Replace the position marks (B.i)o, which should be (§+2i-1)0 instead of

(§+i-1)0, by their half values: (% (ﬁ*Qi-l))o = (Pt 4 i-l)o. We note, for later
2
use, that this has the effect that D.3 will contain immediately before XI

& (p*2K-1)) _instead of (B.K) .
2 o 0

Returning to the general question: we must chamge the coding of all
those places, where such a position mark is used to obtain the corresponding Yi-
The values of these position marks must be doubled before they are used in this
way. Apart from this, however, we must only see to it that g is replaced by

E%l . This affects C.3 (of 10.8), i.e., 95.

The use of position marks in the above sense occurs only in II, when
¥ and yp 4 are obtained. This takes place at I1,6 and II,9. However, the position
marks in question originate in the substitutions II,2 and II,5, and it is therefore
at these places that the changes have to apply.

We now formulate an adequate coding to replace II.2-4, so as to give
I1,2 and II,5 the desired effect. Note that at this point D.1 contains

(% (§+2k2-1)) = (ﬁ%l + kg-l)o instead of (§+k2-1)o = (B.kg)o. Hence af ter II,1

the accumulator contains (% (§+2k2-1))°.
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I1,1.1 L Ac (p+2k3-1)
. o]
- o
2 11,6 Sp 11,6 p+2k;-1
3 38 h Ac (P+2kM-2)
4 38 h Ac (§+2k‘i’+2m.3)o
5 42 h Ac (F+2K$+2M -2)
o]
6 42 h Ac (p+2k+2M-1)
1 o

Thus we must replace the three orders II,2-4 by the six orders II,1.1-6.
Hence the third and second remarks of 8.9 apply: We replace II,2-3 by I1,1.1-2, then
11,4 by

11,1.2,1 11,1.3 C I
and let II,1.3-6 be followed by

II,1.7 11,5 c |

Then II,1.3-7 can be placed at the end of the entire coded sequence. We will give a
final enumeration that expresses these changes after we have performed all the changes
that are necessary.

The second group must be considered in conjunction with the code of 10.5,
i.e., of Problem 12. In the code of 10.8 only XI is involved in the operations of
this group. In the code of 10.5 the situation is as follows: Replace the position
marks A.i, B.i (of 10.5), which should be (p+2i-2)0, (p+2i-1)0, i.e., (§+2E+2i-4)0,

(§+2E+21-3)0, instead of (p+i-1)0, (q+i-1)o, i.e., (B+E+i-2)o, (§+K+i-2)0, as nearly
by their half values as possible. Since p is odd, we will use the half value of the
second expression: (% (5+2E+2i-3))0 = (E%l +K +i-2) . Then we must change the

coding of all those places where such positimn marks are used to obtain the corres-
ponding p; and y;: The values of these position marks must be doubled before they
are used for a y;, and then decreased by 1 before they are used for a p; . We must
also take care that the storage locations, which supply the modified (A.i)o, (B.i)o
position marks, are properly supplied themselves. Apart from these, however, we

must only see to it that XI (of 10.8) produces (% (§+2k-1))0= (E%l +k+ 1-2)0 i=1

instead of (§+E-1)o= (§+E+i-2)oli=1. Since p, q, or p, q, no longer appear inde-
pendently, it is not necessary to produce (&-5-1)0 in XI.

The use of position marks in the above sense occurs only in III, V,
and VIT (of 10.5), when pj, p;» and x;, x;4 are obtained. These take place at
II1,3, V,2, and VII,14,15,21, However, the position marks in question originate
in the substitutions I11,2, V,1, and VII,8,9,13, and it is therefore at these
places that the changes have to apply.
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The position marks (A.i) , (B. 1) are supplied from E.2, which in °
turn is supplied by II and IX (of 10, 5) IT°will now supply to E.2

5+ :

(% (P+2R+1))o = (25_ +T + 1-2)0 ;=2 instead of (p+1)0 = (p+E)o = (p+K+1-2)O )
The function of IX is actually performed by VIII, and it will maintain in E.2

’ (1 (p+2K+2i - 1)) = (Eél + K+ i- 1) instead of (p+1(1) = (p*k+i-1) . If we keep

these facts in m1nd when modlfylng III, V, VII, then we need not change II, X
(i.e., VIII).

We now give adequate codings, to insert before III,2 and before V,1,
and also to replace VII,7 before VII, 8,9, and to replace VII, 10-12 before VII,13,
so as to give III,2, V|1, and VII,8,9,13 the desired effect. Note that at these
points, as we observed above, D.4 (i.e., 41, substituted from XI of 10.8) contains

(; (p+2E¥1)) , and E.2 contains (— (p+2E+1)) and (é (p+2Kk+2i- 1))o,respect1vely
Hence before III,2, V,1, and VII,7, the accumulator contains (— (p+2E-l))
(1 (p+2k+2i - 1)) and (* (p+2k+2i-1)) ,» Tespectively.

I11,1.1 L Ac (p#2k-1)

2 D.5 h- Ac (5+2K-2)
V,0.1 L Ac (io'+2Iz+2i-1)0

2 D.5 h- Ac (p+2k+2i-2)

VII,6.1 D.5 h- , Ac (¢4 (p+2K+2i-1)-1)
2 L Ac - (p2R#2i-3)

VII, 9.1 E.2 Ac (4 (p+2R+2i-1))
2 D.1 h Ac (4 (p+2k-2i-1)4-1)
3 E.1l h- Ac (4 (p+2K+2i-1)+h-1)
4 L Ac (p+2k+2i+2h-3) o

Thus we must insert the orders III,1.1-2 before III,2; insert the orders
V,0.1-2 before V,1; replace the order VII,7 by the two orders VII,6.1-2; and replace
the three orders VII,10-12 by the four orders VII,9.1-4. Hence the third and second
remarks of 8.9 apply again: We replace III,1 by
I11,0 I1,1.0  C l
and let III,1.0 coincide with III,1 and be followed by III,1.1-2 and then by
111,1.3 111,2 C ‘
Next we replace V,1 by
V,0 V,0.1 C |

and let V,0.1 be as specified above, and be followed by V,0.2, then by V,1, and
finally by
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V,1.1 v,2 C

Finally we replace VII,7 and VII,10-12 by VII,6.1-2 and VII,9.1-4. It is best to
effect this as a replacement of the entire piece VII,7-12 by VII,6.1-2, VII,8-9,
VI1,9.1-4 (a total of six orders to be replaced by a total of eight orders). This
means that we replace VII,7-11 by VII,6.1-2, VII,8-9, VII, 9.1, then we replace VII, 12
by

VII,9.1.1 Vii,9.2 C |
and let VII,9.2-4 be followed by
VIL,9.2.5 VII,13 o |

Then I1I1,1.0-3; V,0.1-2, V,1, V,1,1; VII,9.2-5 can be placed at the end of the entire
coded sequence. We will give a final enumeration that expresses these changes after
we have performed all the changes that are necessary.

Returning to the second group in the coding of 10.8, we note that it
affects only XI (of 10.8). We saw above that XI must produce (% (p+2K-l)) and
substitute it into 41, and that this is all that has to be done“there. However, we
noted before that D. 3 before XI contains precisely (L (p+2El1)) Hence XI,1-9
(i.e., XI in its entirety) may be replaced by 2

X1,0.1 D.3 Ac ¢ (F+2E-1)) _
2 41 S 41 (%. (p+2k-1))
3 e C

Hence we replace XI,1-3 by XI,0.1-3, and since operations of the code of 10.8 end at
this point, XI,4-9 may be left empty.

To conclude, we observe that C.3 must contain (E%l)o = (Egl - 1)0

instead of (&-1)0, and that neither p nor q are needed in any other form, so that
C.9 may be left empty.

We are now in possession of a complete list of all changes of both
codes 0-52 of 10.5 and 53-101 of 10.8. We tabulate the omissions and modifications

first, and the additims afterwards.

Omissions and Modifications:

From To
(10.8) : 11,2-3 11,1.1-2
11,4 11,1.2.1
(10.5) : I11,1 111,0
v,1 V,0
VII,7-8 : VII, 6.1-2
VI1,9-10 VII,8-9
VII,11 VIL, 9.1
VII,12 VII,9.1.1
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Omissions and Modifications (cont.):

From To
(10.8) : XI,l 3 X1,0.1-3
XI,4-9 ~ Fmpty
p-1
c.3 &b,
C. 9 Empty
Additions:
(10.8) : 11,1.3-7
(10,5) : I11,1.0-3
(10.5) : v,0.1-2
v,1
V,1.1
(10.5) : VII,9.2-5

We can use five of the six empty fields XI,4-9 (from 10.8) to accommodate
I1,1.3-7 (from 10.8) -- say XI,4-8. C.9 is the last word of the code: 101, hence we
can place III,1.0-3; V,0.1-2, V,1, V,1.1, VII,9.2-5 (from 10.5) in a sequence that
begins there. They will then occupy these positions:
111,1.0-3 101-102°
1-2

v,1 104 VII,2-5 105-106"
103-103' v,1.

, 1.
0 1 104!
(All these are from 10.5.)

Now we can formulate the final form of all changes in the coded sequences
0-52 and 53-101:

5 101 C , 58 66 C' 95 1),

10 103 C , 65 50 , 41S 101 41?2 ” L
14 42 h- 66 e'C , 38h 102 42 h-, 5C'
15 L, 18Sp' 67 38h , 42h 103 L, 42 h-
16 21 Sp, 49 68 2h , 58C' 104 10 Sp, 10 G
17 105C , 69 -, 105 38h, 48 h-
57 L, 59Sp 106 L, 17¢C'

The following durations are affected:

(10.5) : III: + 130
Vi + 130

VII: + 130 ¢

(10.8) : II: + 180

X: - 225 p
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Total: (10.5) : (130 + 130 (M-1) + 130 Nﬁgzll ) u=
= (65M2 + 65M) pas (.07 M2 + .07 M) m.

Total: (10.8) : (180 (i +1) - 225 io) w=1(-45i_ +180) p

maximum =% .2 m.

Hence there is no relevant change in the estimate at the end of 10.8.
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11.0 CODING OF SOME COMBINATORIAL (SORTING) PROBLEMS

11.1 In this chapter we consider problems of a combinatorial, and
not analytical character. This means, that the properly calculational (arith-
metical) parts of the procedure will be very simple (indeed almost absent), and
the essential operations will be of a logical character. Such problems are of
a not inconsiderable practical importance, since they include the category usu-
ally referred to as sorting problems. They are, furthermore, of a conceptual
interest, for the following reason.

Any computing machine is organized around three vital organs: The
memory, the logical control, and the arithmetical organ. The last mentioned
organ is an adder-subtractor-multiplier-divider, and the multiplier is usually
that aspect which primarily controls its speed (cf. the discussions of Part I.)
The efficiency of the machine on all analytical problems is clearly dependent
to a large extent on the efficiency of the arithmetical organ, and thus primarily
of the multiplier. Now the non-analytical, combinatorial problems, to which we
have referred, avoid the multiplier almost completely. (Adding and subtracting
is hardly avoidable even in purely logical procedures, since the operations are
needed to construct the position marks of memory locations and to effect size
comparisons of numbers, by which we have to express our logical alternatives.)
Consequently these problems provide tests for the efficiency of the non-arith-
metical parts of the machine: The memory and the logical control.

11.2 We will consider two typical sorting problems: Those of
meshing and of sorting proper. There are, of course, many others, and many
variants for each problem, but these two should suffice to illustrate the main
methodical principles.

In order to formulate our two problems, we need the definitions which

follow.

We operate with sequences of complexes. A complex X = (x; Uy, ..., )
consists of ptl numbers: The principal number x and the subsidiary numbers
U ,eeeu P is the order.of the compleg. A sequence S = (X(l),...,X(“)‘
consists of n complexes X)) = (x(i); u{‘),...,u(‘)). n is the length of the
sequence. Throughout what follows we will never vary p, the (arbitrary but) fixed
order of all complexes to be considered. We will, however, deal with sequences
of various lengths.

A sequence S = (x1, .. X)) is a monotone if the principal elements
x) of its complexes x(i) = (x(‘); u{‘),...,u;‘)) form a monotone, non decreas-
ing sequence:

(1) < @) ¢ < xn)

A sequence T = (Y, ...,Y?®)) is a permutation of another sequence S = (x1)
...,X(“))of the same length, if for a suitable pernutation i—s>i' of the
i=1,...,n

(2) Yyl = xGh G =1,...,n).
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Given two sequences S = (X1) . x(@)) T = (Y, . .,Y®)) (of not necessarily

equal lengths n, m), their sum is the sequence [S, T] = X)L x@W) ) y@) o ye))
(of length n + m).

We can now state our two problems:

PROBLEM 14. (Meshing)

Two monotone sequences S, T, of lengths n, m, respectively, are stored
at two systems of n(p+l), m(p+l) consecutive memory locations respectively:
s, stl,..., stn(p+l)-1 and t, t+l,..., t+m(p+l)-1. An accomodation fa a sequence
of length n + m, casisting of (n + m)(p + 1) consecutive memory locatims, is
available: r, r+l,..., r+(ntm)(p+l)-1. The constants of the problem are p, n,
m, s, t, T, to be stored at six given memory locatims. It is desired to find
a monotme permutation R of the sum [S, T] and to place it at the locations
r, r+l,..., r+(ntm)(p+1)-1. ----

PROBLEM 15. (Sorting)

A sequence S (subject to no requirements of monotony whatever) is stored
at n(p+l) consecutive memory locations: s, s+l,..., stm{(p+l)-1. The constants of
the problem are s, n, p, to be stored at three given memory locations. It is
desired to find a monotme permutatian S* of S, and to replace S by it.

11.3 We consider first Problem 14, which is the simpler one, and whaose
solution can be c mveniently used in solving Pr clem 15.

We have S = (X1, X)), 7= (Y Y®)) with XU) = (x8);
(‘). ulil), Y(J)‘((J) {J).. (-‘)) andwemshtoformR-(Z (1)...,
Z‘“""“)) w1tﬁ Z(k) = (z(k) (l‘) ;I‘)) *which is a monotone permutation of [S, T].

Forming R can be viewed as an inductive process: If Z“),. .. ,Z("’” for
a k=l, ...,n*m, have already been formed, the inductive step c msists of forming
YALLI O T preferable to allow k = ntmtl,too, in the sense that when this value
of k 1s reached, the process is terminated. Assume, therefore, that we have formed
Z(“ . Z(k 1) for a k = 1,...,ntm*l. It is clear, that we may assume in addition,
that these Z(l),...,Z(k 1) are the X110, .. X(‘k) together with the Y(l) . Y(Jk)
for two suitable i , j, with
(1) ik+jk=k-l i, =1,..., n, jk=1,...,m.
Then we have the following possibilities:

(a) ik =n, ‘jk =m: By (1) k = ntm+l, hence, as we observed above,
Ris fully formed, and nothing remains to be done.

(b) Not i, =n, j, =m: By (1) k < n +m, hence, as we observed above,
R is not fully formed, and Z ) ust be formed next. Clearly, we
may choose Z (k) 45 one of X'k*1) and YUx*1), we must decide which.
We introduce a quantity  , so that =0 for ZW) =X(&+1) apq

w, =1 for ) =yl
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0, =0 implies i ,, = i, * L g = @, = 1implies iy =1,
Jyn I, YL ®, 1is determined according to the following rules:

(b.1) ik = n, hence jk ¥ m: S is exhausted, hence W, = 1.

(b.2) J, =m, hence i, ¥ n: T is exhausted, hence W, = 0.

(b.3) i, ¥n, j, *m: Neither S nor T is exhausted. We must
distinguish further:

(b.3.1) x4 D) <<y(jk+1): Necessarily = 0.
(b.3.2) x> 3Gy +1). Necessarily w =1
(b.3.3)  xU*1) = y(Gu+1): Boeh W, = 0and w =1 are acceptable. We

choose W, = 0.

As pointed out above, (a), (b) describes an inductive process which runs
over k = 1,..., ntmtl. It begins with k = 1 and i, = j, = 0 (owing to (1)), and
then progresses from k to k +1, forming the necessary i, 3, and W, as it goes along.

It is convenient to denote the locations s and t, where the storage of the
sequences S and T begins, by a common letter and to distinguish them by an index:

(2) s? = s, st = t.

Correspondingly, let A? and A! be the storage areas corresgonding to the two inter-
vals of locations from s’ to s? +n(p+1)-1 and from s! to s'+ m(p+1)-1. In this way
their positions will be A®.1,..., n(p+l) and Al.1,..., m(p+l), where A% a3 and Al.b
correspond to s” +a-1 and s! +b-1, and store x‘i) for a = (i-1)(p+1)+1, u'i) for

a = (i-1)(p+l)+q+l, y4) for b = (§-1)(p+1)+1, v;i’ for b = (§-1)(p+l)+q +1,
respectively. Next, let B be the storage area intended for the sequence R, corres-
ponding to the interval of locations from r to r+(n+m)(p+l)-1. In this way its
positions will be B.1,..., (n+m)(p+l), where B.c corresponds to rtc-l, and is
intended to store z ) for ¢ = (k-1)(p+l)+1, w'k) for ¢ = (k-1)(p+l)+q+l,
respectively. As in several previous problems, the positions of A Al) and B
need not be shown in the final enumeration of the coded sequence.

Further storage capacities are needed as follows: The given data
(the constants) of the problem, s% s, r, n, m, p, will be stored in the storage
area C. (It will be convenient to store them as (so)o, (sl)o, Ty, (n(p+l))0,
(m(p+1)),, (p+l),. We will also store 1 in C.) Next the induction indices
k, q' will have to be stored.” It is.convenient to store ik’ jk' too, along
with k, while it turns out to be unnecessary to form and to store explicitly.
These indices i, j, k, q' are all relevant as position marks, and it will prove
convenient to stae in their place (s° +i(p+l)),, (s? +j(p+1))0, (r +(k-1)(p+1))0
(s +h(p+l) +q'-1), (r+(k-1)(p+l) +q'-1); (i.e. (Ao.i(p+l)+1)0, (Al.j(p+l)+1)0,
(B. (k-1)(p+1)+1) ,, (Aw.h(p+1)'*q')0, (B. (k-1)(p+l) *q'),; here & = w, and h =i
" or j for w =0 or 1, respectively) Note, that two position marks that correspond

to q' are being stored. The three first quantities will be stored in the storage
area D, and the two last ones in the storage area E.
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We can now draw the flow diagram as shown in Figure 11.1. The actual
coding obtains from this without a need for further comments.

The static coding of the boxes I-X follows:

(to II,1)

(to IIL,1)

(to V,1)

(to VII,1)

(to VII,1)

(So)o

C.1

D.1 S
.

(s1),

C.2

D.2 S

To

C.3

D.3 S

(n(p+1)),

D.1

C.1 h-

C.4 h-

Iv,1 Ce

(m(p*1)),

D.2

C.2 h-

C.5 h-

VI,1 Ce

D.2

C.2 h-

C.5 h-

e Ce

D.1

V,6 Sp

D.2

v,5 Sp

st +3(p+l)

- h-

s? +i(p+l) h-

vi,1 Cc

Ac
D.1

Ac
D.2

Ac
D.3

Ac
Ac
Ac

Ac
Ac
Ac

Ac
Ac
Ac.

Ac
V,6
Ac
v,5

Ac

Ac

(so)0
(so)o

(sl)0

1\
sV,

(r)0
(r)0

(s? +i(p+l)),
(i(p+1)),
(G-n)(p+1)),

(st +j(ptl)),
GpH)),
((j-m)(p+1))o

(s +5(p+1)),
(G (p+1)),
((j-m)(p+1)),

(s°‘+i(p+1))0

s +i(p+l) h-
(s* +3(p+l)),

st +3(p+1)

i+l

Vi1~ ¥in
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D.1 (A1),
2 (A1),
3 (B1),
I H 4
1 (A1), to D2 2 : O'*ré
O——{ i o 2t— o~
(B, to 3 | =K
; *
\
D.1 (A Z(P*I)"’/)o 3 z’—»l
2(A! 7 (pt)+1), =< -« 1’" V'
3 (B.(K-I)(pet) +i1dg |3 K~ K
JI[ -
X -1371 -
) oA
y#'2x HLD.I 3
+Y Y- [[o]
w 3 I
(ATiGey+lo to E1Y (A LGp+)+1), to ELl
(A% (i+)(pr)+l)y to D) | | (Al (4+1)for1)+1), & D.2
+Y YS
S RERE
i = a, 1:', f'+l Kl +1 (x)
# lw=0 w=l |# ... B. ()] z )
nei ||n-4 ool i
, . ...,
z(k’): 4} zbo=yl;. 0 q £)
\/ - - }; =+
D.I A28 Gpri) +1), q' - X
P (Al ora) +1) é #
E., (A‘.nh 601“’) +’)' 7'+'..) 1
-+ 1]
AR (o) +1 3 ";))
hGar)tqH
q= (;""IP)
i E. zl (( ;(h (p+/))+7 +l§
- - k)t et
(B.(k (Xpt)+l), to E2 14 | _| B.(k-D)or)+1 i‘ '
(B.k (F’;:))*' Jo to D.3 -1 (k-/)(p+l)+q+l w fo 757
= to B. (k1)) +1 A - for ¢
7 (=1 ...
#IK‘=K+I I 10 T
X
- Y ) ‘.
D.3 (B (kL')rF'HHI,L w.,l fo B-(k“)(Fﬂ) +q +1
(N
Ez2 (8. (k=)o) +0f =] (Ach Gr)+q'+lh to El
B. (k~1)(p+p+1 =z 8 (B.(K-I)(p+l)+7'+l)a te 2
1> q'
9 9 .
; >
(
£l Ah(per) +q') 2 :(P“) + p x(g
z i) | i AR I 29
o Ficure 11.1 Basprins  EW g "f"’:,ﬂ o | Yé
spor n', m, p (k-9 (p+iyrgee ,«92 1<7 ity Yq
1 4, K "‘7‘7
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C.6
VI, 1
2

3

4

VII,1
2

w

4

VIII,1

O N O o w N

C.7
X, 1

10

O @ N &N oW

(p*1),

D.1
E.1
C.6
D.1
(to VIIL,1)
D.2
E.1
C.6
D.2
(to VIII,1)
D.3

VIIL, 9

E.2
C.6
D.3
E.1

VIII,S

s@+h(p+1)

n =

ow

wn

S

r +(k-1)(p+1)

(to IX,1)
10
E.2
C.7

IX, 10

E.2
El
C.7

IX,9

E.1

S

s¥ +h (p+l) +q'

S

r+(k-1)(p+l) +q'

(to X,1)

S ]

S ]

Ac
E.1
Ac
D.1

Ac
E.1l

D.2

Ac
VIIL,S
E.2

Ac

D.3

Ac
VIII,8

Ac

(s° +i(p*l)),
(s° +i(ptl)),

(s9+ (i+1)(p1)),
(% +(i41) (p+1)),

(s? +3(p+1)),
(st +j(ptl)),

(s +(j+1) (p+1)),
(s* +(3+1) (p+1))

(r + (k1) (p+1))

r +(k-1)(p+l)

(r +(k=1)(p#1))

(r +k(p+1))0
(r +k(p+l)),
(s%+h(p+1)),
s¥ +h(p+l)

2 (0

B. (k-1)(p+l)+1 2 )

Ac

Ac
IX,10
E.2
Ac

Ac
IX, 9
E.1

Ac

S

(r +(k-1)(p+1) +q'-1)

(r +(k-1)(p+l)+q"),
r +(k-1)(p+l) +q'

(r +(k-1)(ptl) +q"),
(s®h(pl)+q'-1),
(s®+h(p+l)+q'),

Sﬁ) +h(p+]. ) +q'

(s“+h(p+l)+q" Do

w(K)
q

B.(k-l)(p+l) +q'+l w“:)
q

S
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E.2
D.3
C.7
11,1

h-
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Ac
Ac
Ac

(r+(k-1)(p+1}+q")

(q'-p-1),
(q"P)o

The ordering of the boxes is I, II, III, V, VII, VIII, IX, X, and VII,

VIII, IX must also be the immediate successors of IV, VI, X, respectively.

necessitates the extra orders

v,5
vI,5
X, 5

VII,1

VIII,1

IX,1

C
c
C

This

We must now assign C.1-7, D.1-3, E.1-2 their actual values, pair the 59
orders 1,1-6, II,1-4, II1I,1-4, IV,1.5, V,1.7, VI, 1-5, VII,1-4, VIII,1-9, IX, 1-10,

X,1-5 to 30 words and then assign I,1-X,5 their actual values.

in this table:

1,1-6 0 .2 VII,1-4 101.12
I1,1-4 3 -4 VIII,1-9 121.16'
111,1-4 5 -6 IX,1-10 17 221!
V,1.7 7 -10 X,1-5 22 -24
Now we obtain this coded sequence:
0 30 ,37S 14 35h, 39S
1 31 , 388 15 40 , 16 Sp
2 32 , 39S 16 -, =S8
3 31, 30 h- 17 4 , 36h -
4 33 h-, 24 Cc' 18 21 Spl, 418
5 38 , 31 h- 19 40 , 36h
6 34 h-, 27 Cc 20 21 Sp, 40 S
7 3T, 95! 21 -, -5
8 38 , 95 22 41 , 39 h-
9 - , =h- 23 36 h, 3Cc
10 27 Cc, 38 24 17Cc, 38
11 40S, 35h 25 31 h-, 34 h-
12 38sS, 39 26 e Cc, 10 Cc'
13 16 Sp! 41 S 217 37 , 40S
The durations may be estimated as follows:
I: 225 p, II: 150 p, III: 150 p, IV: 200 p, V: 275 y,
VIII: 350 p, IX: 375, X: 200 p.
T (II + (III or (III + V) or IV) + (VI or VII) +
otal: I +

\+ VIIT + (IX +X) xp

These are expressed

1v,1-5 241.26'
VI,1-5 27 .29
C.1-7 30 -36
D.1.3 37 -39
E.1-2 40 -41

28 35h, 378

29 12¢', - -

30 (s%),

31 (sl)o

32 Ty

33 (n(p+1)),

34 (m(p+1))

35 (pt1),

36 0

37 -

38 -

39 -

40 -

41 -

VI: 200 y; VII: 150 y,

| x am + (x+ )
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mascimum = (225 + (150 +425 +200 +350 +575 xp) X (n +m) + 350) p =
((575 p + 1,125) (n +m) + 575) p ==

~.6 (p+2) (n+m +1)m

This result will be analyzed further in 11.5.

11.4 We pass now to Problem 15, which will be solved, as indicated
above, with the help of the solution of Problem 14.

We have S = (X(l),...,x(“)) with X{) = (x(i); ufi),...,u(i)), and we
wish to form an S* = (X1") ... X(")) Ghich is a monotone permutagion of S.

This can be achieved in the following manner: If a certain permutation

S*e = (x‘1'°’,...,x‘"'°’) of S has been found, which may not yet be fully monotone,
but in which at least two consecutive intervals x‘k'°’,...,x‘k+i‘1'°’ and
X(k+i'o),...,X(k+i+j'1'°) are (each one separately) monotme, then we can mesh
these (in the sense of Problem 14), and thereby obtain a new permutation

S*oo = X(l'oo),...,X(“'oo)) of S*°, i.e. of S, for which the whole interval

100 s ,:_1100y)
Xk ),...,X“‘*”'J’l ) is monotone. Thus we can convert two monotone

intervals of the lengths i, j into one of the length i + j. The original S
is made up of monotone intervals of length 1, since each X k) (separately) may
be viewed as such an interval. Hence we can, beginning with these monotone
intervals of length 1, build up monotone intervals of successively increasing
length, until the maximum length n is reached, i.e. the permutation of S at
hand 1is monotone as a whole.

This qualitative description can be formalized to an inductive process.
This process goes throu%h the successive stages Vv = 0, 1, 2,... . In the stage
v a permutation S*¥ =(X r ),...,X(“' )) of S is at hand, which is made up of
consecutive intervals of length 27, which are (each one separately) monotane.
(Since n may not be divisible by v, the length of the last interval has to be
the remainder r_ of the divisim of n by 2%, r < 2%, If n is divisible by 27,
we should put r . ( and rule this interval to be absent, but we may just as

well put r =27, and still rule it to be the last interval.) Now a sequence of
steps of the nature described above will produce a new permutation S*¥ 1 of S*,
i.e. of S, in which the monotone intervals of length 2V in S*' are paimwise
meshed to monotme intervals of length 2'*! in S*'+!, (The end-effect fa v +1
can be described in the came terms as above for v.) This inductive process
begins #ith v=0 and S** = S. It ends when a v with 2" 2 n has been reached,
the corresponding S*¥ is the desired (monotame) S*. (Note, that at this point
there is only one interval: It is the final interval of length r < 2" referred
to above, in this case with r =n.) Using the function <z> , which denotes the
smallest integer 2 z, we may therefore say that this process terminates with

v = <2log n>.

The induction over v = 0, 1, 2,..., <2log n> is, however, pnly the
primary induction. For each v we have<:l%> intervals of length 27 (cf. above),

these fonn<:% <§££§> = <:2:L£> pairs, which have to be meshed to <:?:11:>intervals

of length 2'*! (cf. above), in order to effect the inductive step from v tov + IL.
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If we enumerate these interval pairs by an index w = 1,..., <-2—3_—1>, then it becomes

clear that we are dealing with a secondary induction, of which w is the index.
We can now state the general inductive step with complete rigor:

Consider a v = 0, 1, 2,..., and assume that the permutation

_ 1° v » v
S*v = (X ),...,X(" )) has already been formed. We effect a secondary induction
over aw =0, 1 2,.,. . Assume that a certain w has already been reached. Then

+1 . . i’ .
2""'w < n. We now have to mesh two intervals of the length n,, m,, i.e. X4"®) with
i= 2%yl ol *+n,, and x4") with j o+ 2vtly + n, t1,..., 2""'1w+nw +m, .
Ordinarily n, = m, = 27, i.e. this is the case when both these intervals can be
accomodated in the interval 1,...,n. Thus the condition far this case is
2v+ (w+1) < n. Otherwise, i.e. for 2% (w+l) > n, we have two possibilities:
First: n, = 27 if this interval can be accomodated in the interval 1,...,n, i.e.
if 27+Hy+27 ¢
1,...,n, i.e. m, =n - (2"*y + 2¥). Thus the condition far this case is

2+ (w+l) > n 227y + 27, We may include 2"*!(w+l) = n, too, since the farmulae
of the present case coincide then with those of the previous one. Second: Other-

n. m, is then chosen so as to exhaust what is left of the interval

wise, i.e. for 2"ty + 2V > n, the secand interval is missing m, = 0. n, is then
chosen so as to exhaust what is left of the interval 1,...,n, i.e. n, =n - ovtly,
Thus the condition for this case is 2"*'w + 2¥ > n (and, of cairse, 2 2"w). We

may include 2"ty + 27 = n, too, since the formulae of the present case coincide
then with those of the previous one. These rules can be summed up as follows:

nw = 2v , mw =9V
for 2"+ (w+l) ¢ n,
(3) n, =2 , m, =n - (2 y+27)
for 27t (w+l) 2 n 2 27ty +27,

n, = n-2vtly | m, = 0

for 2 1w + 27 2 0 (2 27Hy).

If 27+ (wtl) < n, then the (secadary) induction over w continues to w + 1; if
2"+*1(w+1) 2 n, then the induction over w steps. If the induction over w stops
with a w > 0, then the (primary) induction over v catinues to v + 1; if the
induction over w stops with w = 0, then the induction over v stops. At any rate
these meshings form the permutation S***! ., If the induction over v stops with
a certain v, then its S*'*! is the desired S*.

There remains, finally, the necessity to specify the locations of S*¥
and S*'*!, which control the meshing prccesses that lead from S*' to S*'*+!.
Assume that S*' occupies the interval of locations from al") to a!v m (p+l)-1,
and S***! similarly the interval of locations from alvtl) o a(vF1) 4 n(p+l)-1,
Then the meshing process which corresponds to a given w meshes the sequences that

occupy the intervals from al") +27 1y (p+1) to'alv) +(27Fly +nw)(p+1)-1 and from

alv) +(27+y +nw)(p+1) to a'¥) + (27 1y +n, +n\v)(p+1)-1, and places the resulting
sequence into the interval from a'"*!) +27+ly(p+l) to alv+1) +(2v+lw+nw+mw)(p+l)-1.
The meshing process is that onre of Problem 14.
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We distinguish the constants of that problem by bars. The above specifications
of the locations that are involved can then be expressed as follows:

(go =a(v)+ gvH o (p+l),

st o=alv) (274, +nw)(p+l),
@ < Pl rthe (o,

n = n,

m o= om,

P =p

.

Clearly the interval from a‘") to a{"? +n(p+1)-1 and the interval from a"*!) to
alvtl) +n(p+1)-1 must have no elements in common.

We need such an a'"), i.e. an interval from al") o 2™ +n(p+l)-1,
for every v for which S*' is being formed. It is, however, sufficient to have
two such intervals which have no elements in common, say from a to a +n{(p+l)-1
and from b to b +n(p+1)-1. We can then let a‘'"’) alternate between the two values
aand b, i.e. we define

( ){= a for v even
(5) a'’
= b for v odd

Hence a(%) = a, but S*0 = S, hence the statement of Problem 15 requires al® = g,
Consequently

(6) s = a.

Thus a is the s of Problem 14, and b is any such location such that the interval
from a to a +n(p+l)-1 and the interval from b to b +n(p+l)-1 have no elements in
common.

We want the final S* to occupy the location of the original S, 1i.e.
we want a ("+1) =a(%) =4 for the final v with S***+! =S*. I.e. this v+l should
be even. We saw further above, that the induction over v can stop when the
induction over w stops with w=0, i.e. when 2"+! 2n. This v+l may be odd; let
us therefore agree to perform one more, seemingly superfluous, step from v to
v+l. I.e. we will terminate the induction over v when

(n 2¥*1. > n and v+l even, i.e. alvHl) = 5

Hence this v +1 is the smallest even A with N zn, i.e. 2\' for the smallest

) 1 .
integer \' with 22)\ 2 n; i.e. 4)\ 2 n. This means that

(8) vil = 2 <4log n> .
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In the coded sequence that we will develop for our problem, the coded
sequence that solves Problem 14 will occur as a part, as we have already pointed
out. This is the coded sequence 0-43 in 11.3. We propose to use it now, and to
adjust the coded sequence that we are forming accordingly.

This is analogous to what we did in 10.6 and 10.7 for the Problems 13.a
and 13.b: There the coded sequence formed in 10.5 for Problem 12 was used as part
of the coded sequences of the two'former problems. There is, however, this diffe-
rence: In 10.6, 10.7 the subsidiary sequence (of Problem 12) was attached to the
end of the main sequences (of Problems 13.a, b), while now the subsidiary sequence
. (of Problem 14) will occur in the interior of the main sequence (of Problem 15) --
indeed it is a part of the inductive step in the double induction over v, w. The
constants of Problem 14 have already been dealt with: They must be substituted
according to (4) above.

In assigning letters to the various storage areas to be used, it must
be remembered, just as at the corresponding points in 10.6, 10.7, that the coded
sequence that we are now developing is to be used in cmjunction with (i.e. as
an extension of) the coded sequence of 11.3. It is therefore again necessary
to classify the starage areas required by the latter: We have the storage areas
C-E, which are incorporated in the final enumeration (they are 30-41 of the 0-41
of 11.1); and A%, A! and B (i.e. 59,..., 5% + 1 (p+1)-1; 5%,..., st +@m (p+1)-1
and T,..., T+ (ntm)(p+1)-1), which will be part of our present A, B (i.e. of
a,..., a+n(p+1)-1 and b,..., b +n(p+1)-1, they will be a‘"’ +2'+1w(p+1),...,a(')
+(2*y +n ) (p+1)-1; alv) +(2v+ly +n,)(p+l),..., alv) +(2vHy, +n,+ m)(p+l)-1,
and a‘v*1) +2vtlg(p+l), ..., a('+l)+(2'+1w'+nw'+mw)(p+1)-1, cf. (4) above).

Therefore we can, in assigning letters to the various storage areas in the present
coding, disregard those of 11.3.

<+

Let A and B be the storage areas corresponding to the intervals from a
to am(p+1)-1 and from b to bm(p+l)-1. In this way their positions will be
A.1,...,n(p+1) and B.1,...,n(p+l), where A.i and B.i carrespond to at+i-1 and b+i-1.
A will store S at the beginning and S* at the end of the procedure. B may be at
any available ;place, and we assume it to be irrelevantly occupied. In the course
of the procedure A and B are the alternate values of A (for al") = a and b,

i.e. for v even and odd, respectively), and S is stored at A‘™) while S or
Str+l) g being formed. All these storages are arranged like the stoarage of S
at AY in 11.3.

The given data of the problem, a, b, n, p, will be stored in-the
storage area C, with the exception of p. (It will be convenient to store them
as ag, by, n(p+1)0. A 0 will also be stored in C.) p is also needed in the
coded sequence of 11.3, and it is the only one of the constants of that-problem
which is independent of the induction indices v, w. (Cf. (4) above.) Hence its
storage in that sequence, at 35 (as (p+1)0) is adequate for -our present purpose.
The other constants of that problem depend on v, w (cf. above), hence their
locations, 30-34, must be left empty (or, rather, irrelevantly occupied), when
our present coded sequence begins to operaté, and they must be appropriately
substituted by its operation. '
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The induction index v will be stored in D. (It will be convenient to
form (2'+l(p+1))o, and to store (a('))o,(a('+l))0 along with it.) The induction
index w is part of the expressions which have to be Ylaced at 30 and 32 ((Eo)o
and (T),, i.e. by (4) (a®) +2v*1y (p+1)) and (a('+ ) 4ovily (pt1)) ), hence it
requires no other storage.

We can now draw the flow diagram, as shown in Figure 11.2. The actual
coding obtains from this quite directly, in one ‘instance (at the beginning of
box VI) the accumulator is used as storage between two boxes.

The static coding of the boxes I-XIV follows.

C.1 a,
2 b,
1,1 35 Ac (p+1),
2 D.1 S D.1 (p*D),
3 C.1 Ac a,
4 D.2 S D.2 a,
5 C.2 Ac b,
6 D.3 S D.3 b,
(to II,1) :
11,1 D.2 Ac (@),
2 30 S 30 (at"),
3 D.3 Ac (a(v+l))o
4 32 S 32 (afv*1)),
(to II1,1)
III,1 30 Ac (@'v) +2v+ly (ptl)),
2 D.2 h- Ac 2" (p+1))
3 D.1 h Ac (@ + 27) (p+1)),
C.3 (n(p+l))o
111,4 C.3 h- Ac ((2v+w +27-n) (p+1))
5 v,1 Ce
(to V,1)
,1 C.3 A (n(p+1))
2 D.2 h Ac (a) +n(p+l)),
3 31 S 31 (a®™) +n(p+D))
4 30 h- Ac ((n-2"*1w) (p+1))
5 33 S 33 ((n-27Hw) (p+1))
C.4 0
Iv,6 C.4 Ac
7 34 S 34 0

(to IX,1)
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DI (4% D1 2 [30 i)
2 (A.1) 2 (A1),
3 (B.1), Sy, 32 (471,
1 ; ! H
L ' : b1 s |
]
g;*/l))o :: D'é z2 i 6= 1) i v s L 3 (A% to 30| 4 !
(Bi)e to 3| ———7F v @)t 32
#
= ) — o]
(2" pw)), to DI q F#
A1), o 2 > VHI> vV v
A1), to 3 #* & | Wyt »
*%70 © _— 30 (A .Z W(P*l)'f'l)o
XIT 0 32 (A 2" (el
V
A8 AY2" w+dGo+1) +1), to O S
(A2 W) (o +)+1), to 32 2" +2%-n
— 2
- &2 Sy +
+4 8 A - _ A
— (A o+ +), 0 3)
M- A= V) A(V’ v+l "'ZV) + tos' a
L lA ' A( ." .((z VW (P"“l) )o ((n‘ZVﬁWXp"“))OtO 33
s Ao s (2'(p+1)), to o to 34
Gy
_‘ZI ZV-H_ n YL
zllfl(w +’) -n
tA 8 A-
L -Y 6 y+ 7
X | 2" w+) - n wr /18
A8 2'p+1) to 34 ((e-(2"W +2°Njori)), to 34
X vy 7 Y
o-29 7 7
(Problem 14) D i
l
H
31 (AN (2"W + n,, )(p+)+1),
33 (7 (p+1)),
34 (mu (Pt
Note:
A. { + ) Mambers O-H
a, b, n, p Lt )(Lm refer to O-44
v w AL i(pti)rg+l Uy 1, 3.

Figure 11.2




v,1 D.1
2 33
3 30
4 D.1
5 31
(to VI, 1)
vi,1 D.2
2 D.1
3 C.3
4 VII,1
(to VIII, 1)
VII,1 C.3
2 30
3 D.2
4 D.1
5 34
(to IX,1)
VIIL,1 D.1
2 34
(to IX, 1)
X (Problem 14:
(to X,1)
X,1 30
2 D.2
3 D.1
4 D.1
5 C.3
6 XI1,1
(to XIII,1)
Xi,1 D.1
2 D.1
3 C.3
4 X11,1
(to X1v,1)
X1i,1 C.1
2 D.3
3 s.1
4 s.1
5 e

(to XIV,1)

0-29.)

h-

-M
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Ac
33
Ac
Ac
31

Ac
Ac
Ac

Ac
Ac
Ac
Ac
34

Ac
34

Ac
Ac
Ac
Ac
Ac

Ac
Ac
Ac

Ac
Ac
s.1
Ac

(27 (p+1))

(2r(p+1)),

(a(v) 49+l (p+1)),
(a(v) +Q'+IW‘*2')(p+1))o

(al*) +(gr+1g +27)(p+1)),,

((27+1y +2¥) (p+1)) |
(27+1 (1) (p+1))
((27+1(w+1) -n) (p+1))

(n(p+1))0
((n-2'+1w)(p+1)-a('))o
((n-27+1w) (p+1))
((n-(2v*y +27)) (p+D))
((n-(27+1y +27))(p+1))

(27(p+1)),
(2'(p+l))o

(atv) +2'+lw(p+1))0
(2'+1w(p+1))0
((2'+1w-+2’)(p+1))0
(27+1 (w+1)(pt1))
((2V+1(w+1)-n)(p+l))o

(27(p+l))
(2v+1(p+1))0
((2'+1-n)(p+l))o

2y
(a-a

v+l)
(a-a (¥ #1))
(v+1)

)0{

(v+l))0

-’(a-a
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XIII,1 30 Ac (a'") +2v+ly (p+1)),
2 D.1 h Ac (al") +(@7¥ly +27) (p+1))
3 D.1 h Ac . (a™ +2'+1(w+1)(p+1))0
4 30 S 30 (a‘v) +27 1 (w1) (p+1))
5 32 Ac (alvtD) +ovHly (p+1))0
6 D.1 h Ac (alv+1) + (27 +ly +27)(pt1),
7 D.1 h Ac (alv#1) +2v+1(y+1) (p+l))
8 32 S 32 (alv*1) 4274 (4i1) (p+1),
(to IIT,1)
X1v, 1 D.1 Ac (27(p+1)),
2 D.1 h Ac (271 (p+1)),
3 D.1 S Ac 27+ (p+1)),
4 D.2 Ac (alv),
5 s.1 S 5.1 (a'"),
6 D.3 Ac (a('H))0
7 D.2 S D.2 (alv*l)),
8 s.1 Ac (a('))o
9 D.3 S D.3 (al*)),
(to II,1)

The ordering of the boxes is I, II, III, v, VI, VIII, IX, X, XIII;
XI, XIV; IV; VII; XII, and IX, IX, XIV, III, II must also be the immediate
successors of IV, VII, XII, XIII, XIV, respectively. In addition, IX cannot
be placed immediately after VIII, since IX,1 is 0 -- but IX must nevertheless
be the immediate successor of VIII. All this necessitates the extra orders

1v,8 IX, 1 o
VII,6 1X, 1 C
VIII,3 X, 1 o
XII, 6 XIV,1 | C
XI1I,9 11,1 C
X1V, 10 11,1 C

Finally in order that X be the immediate successor of IX, the e of
0-41 (in 26) must be equal to X, 1.

We must now assign C.1-4, D.1-3, s.1 their actual values, pair the 76
orders I,1-6, II,1-4, III,1-5, 1V,1-8, V,1-5, VI,1-4, VII,1-6, VIII,1-3, X, 1-6,
XI,1-4, XII,1-6, XIII, 1-9, XIV,1-10 to 38 words, and then assign I,1 - XIV,10
their actual values. (IX is omitted, since it is contained in 0-41.) We wish
to do this as a continuation of the code of 11.3. We will therefore begin with
the number 42. Furthermore the contents of D.1-3, s.1 are irrelevant, like
those of 37-41 there. We saw, in addition, that 30-35 (with the exceptions of
30,32) are also irrelevant. We must, however, make this reservation: 30-41
are needed while box IX operates, and during this period D.1-3 are relevantly
occupied, but not s.1. s.l is relevantly occupied only while boxes XII, XIV
operate, and during this period 30-35 and 37-41 are irrelevant. Hence only
s.1 can be made to coincide with one of these, say with 41. Summing all these
things up, we obtain the following table: '



26
30
31
32

I: 225 p,

Now we

35
80
81
85
86
30
84 h ,
70 Ce,
338,
84 h ,
85 h-,
82 h-,
84
0ocC,
85 h-,

- e e e e -

42 -44'
45 -46'
47 -49
49'-51"
52 -53!
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obtain this coded sequence:

84 S
85 S
86 S
30 S
328
85 h-
82 h-
84

30

318
84 h
74 Cc

34 S

30
84 h

57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

84 h ,
63 Ce,
84 h ,
308,
84 h ,
328,
84
82 h-,
B4
84S,
AlS,
8 S,
86 S ,
82
31S,

54 -55
55'-58
58'-62"
63 -64'
65 -69'

82 h-
30
84 h
32

84 h
47 C
84 h
77 Ce
84 h
85
86
41

45 C
85 h

30 h-

72
73
74
75
76
(i
78
79
80
81
82
83
84
85
86

-8 70 -73'
-6 74 -76'
-6 77 -79!
4 80 -83
-3 84 -86
41
33s, 83
34s, o0C
8 , 30 h-
8 h, 84 h-
#$SsS, O0C
80 , 86 h-
41 S, 41 -M-
eCe, 65C
29
b,
(n(p+)),
0

For the sake of completeness, we restate that part of (.41 of 11.3, which

contains all changes and all substitutable constants of the problem. This is 26
and 30-41:

55 Ce',

10 Cc'

The durations may be estimated as follows:

II: 150 p,

VIII: 125 p, X:
IX: The precise estimate at the end of 11.3 is

Total:

225 u,

III: 200 p,
XI: 150 p,

IV: 300 p,
XII: 225 y,

V: 200 p,
XIII: 350 g,

((575 p + 1,125) (n, + m,) + 575) p.

Put v = 2 <410grb , n=2 <4logn>-<2logr>-_- 0 or 1,

w = <2vn+1> . Then the total 1is

}

|

37
38
39
40
41

VI: 150 p,
XIV:

VII: 225 y,
375 p.
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<1

-1 w21 [IIT + (IV") V+VI +(VII®)
- Eofu e [ or (VAVE+OVIL o VDD | vy L o

v L «=0 +IX + X + (XI*) or XIII)

This is majorized by

N

\>

(225 73 [ 150 ¢ 50 |2004200 4150 4125 +(ST5 p + 1,125) x | oo
=0 «=0 X (n, +m )+ 575 + 225 + 350 ) U

- 375 + 225 (fj+1)) .
. w=l
Since §0 (nw + mw) =n, N ¢ 1, this is majorized by
vel
(225 + .éo {(575 p +1,125) n + 1,825<évn—+1>+ 425% + 15) .

v-1
véo ( 2:11 +1) <n +¥, this is majorized by

A

. vel
Since '§0<f§$%7:>

((575 p +1,125) n v + 1,825 n + 2,250 v + 300) p .

We can write this in this form:

((575p +1,200 (1 +8)) n¥) pa= (.6 (p+2 (1 +8) n¥)m,
where

2<?log ﬂ\

<l
I

[og]
|
N
o

= . .06 + L.52 , 1.83

v n n v

8 is a small and slowly changing quantity: For n = 100; 1,000; 10,000

(the last value is, of course, incompatible with the memory capacities which
appear to be practical in the near future) we have Vv = 8; 10; 14 and hence

6 =.15; .09; .05, respectively.

*) w=l

At most once among the w in § . We disregard this effect for IV, which
represents the shorter alternat;vg. We replace VII, XI by their alternatives,
VIII, XIII, respectively, inside the :Zo. This necessitates tbelcorrections
VII-VIII = 100 y, XI-XIII = -200 p, respectively, outside the :Zo . (Cf. the

third and second terms from the right in the brackets { ... } of the next formula.)

'.)

i

Missing once among the v in 21 . We may therefore subtract XIV = 375 | as
=0

v-1 v
a correction outside the 2
v=0
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11.5  The meshing and sorting speeds of 11.3 and 11.4 are best expressed
in terms of m per complex or of complexes per minute. The number of complexes in
these two problems is n + m and n, respectively, hence the number of m per complex
is =z.6 (p2) and R=.6 (p+2(1+6)) - 2 (*log n Dx1.2 (p+2.3) <*logn -,
respectively. The number of complexes per minute obtains by dividing these numbers
into 60,000, i.e. it is

9 100, 000 50,000 .
9 ——-'—-p o and (5 +2.3) <4log 1> , respectively.

To get some frame of reference in which to evaluate these figures, one might compare
them with the corresponding speeds on standard, electro-mechanical punch-card
equipment.

Meshing can be effected with the I.B.M. collator, which has a speed of

225 cards per minute. Sorting can be effected by repeated runs through the I.B.M.
(decimal) sorter. The sorting method which is then used is not based on iterated
meshing, and hence differs essentially from our method in 11.4. Strictly construed,
it requires as many runs through the sorter, as there are decimal digits in the
principal number. This number of digits is usually between 3 and 8. Since we are
dealing in our case with 40 binary digits, corresponding to 12 decimal digits, the
~use of the value 6 in such a comparison does not seem unfair. The sorter has

a normal speed of 400 cards per minute, and it can unquestionably be accelerated
beyond this level. 50% seems to be a reasonable estimate of this potﬁntial acce-
leration. Making the comparison on this basis, we have a speed of 400x1.5 - 100

cards per minute. Hence we have these speeds for meshing and sorting in cards
per minute:

(10) 225 and 100, respectively.
A card corresponds to one of our complexes, since it moves as a unit in meshing and

in sorting. Hence the speeds of (9) and (10) are direcqtly comparable, and they give
these ratios:

1 (9) 444 d 500 , vively.
(1D 1) " prz M 523 (legay’ URETEY

A standard I.B.M. punch card has room for 80 decimal digits. This is
equivalent to about 270 binary digits, i.e. somewhat less than 7 of our 40 binary
digit numbers. It is, of course, in most cases not used ‘to full capacity. Hence
it is best compared to a complex with p+1<7, i.e.p =1,...,6. For n values
from 100 to 1,000 seem realistic (in view of the probably available "inner"
memory capacities, and assuming that no 'outer' memory is used, cf. the second
remark at the end of this section), hence {*log n>= 4, 5. Consequently the
ratios of (11) become

11°) 9

(10 ~ 150 to 55 and 30 to 15, respectively.
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In considering these figures the following facts should be kept in mind:

First: In using an electronic machine of the type under consideration
for sorting problems, one is using it in a way which is least favorable for its
specific characteristics, and most favorable for those.of a mechanical punch card
machine. Indeed, the coherence of a camplex X = (x; Up,eeey U ), i.e. the close
connection between the movements of its principal number x and the subsidiary
numbers u,,..., u_, is guaranteed in a punch card machine by the physical identity
and coherence of the punch card which it occupies, while in the electronic machine
in question x and each Uy,..., u must be transferred separately; there is no in-
trinsic coherence between these i1tems, and their ultimate, effective coherence
results by synthesis fran a multitude of appropriately coordinated individual
transfers. This situation is very different from the one which exists in properly
mathematical problems, where multiplication is a decisive operation, with the
result that the extreme speed of the basic electronic organs can become directly
effective, since the electronic multiplier is just as efficiently organized and
highly paralleled as its mechanical and electromechanical counterparts. Thus in
properly mathematical problems the ratio of speed is of the order of the ratio of
the, say, .1 m multiplication time of an electronic multiplier and of the, say,

1 to 10 second multiplication time of an electromechanical multiplier, i.=., say,
10,000 to 100,000 -- while (11’) above gave speed ratios of only 15 to 150.

Second: The "inner" memory capacities of the electronic machines that
we envisage will hardly allow of values of n (and m) in excess of about 1,000.
When this limit is exceeded, i.e. when really large scale sorting problems arise,
then the "outer" memory (magnetic wire or tape, or the like) must also be used.
The "inner " memory will then handle the problem in segments of several 100, or
possibly up to 1,000, complexes each, and these are combined by iterated passages
to and from the "outer" memory. This requires some additional coded instructions,
to control the transfers to and from the "outer' memory, and slows the entire
procedure somewhat, since the "outer'" memory is very considerably less flexible
and less fast available than the "inner" one. Nevertheless, this slowdown is
not very bad: We saw in 11.3 that meshing requires .6 m per number. Magnetic
wires or tapes can certainly be run at speeds of 20,000-40,000 (binary) digits
per second, i.e. 500-1,000 (40 binary digit words or) numbers per second. This
means 1-2 m per number. Thus the times required for each one of these two
phases of the matter are of the same order of magnitude. In addition to this
the "outer'" memory is likely to be of a multiple, parallel channel type.

We will discuss this large scale sorting problem later, when we come
to the use of the "outer" memory. It is clear, however, that it will render
the comparison of speeds, (11’), somewhat less favorable.

Third: We have so far emphasized the untavorable aspects of sorting
with an electronic machine of the type under consideration-- i.e. one which is
primarily an all-purpose, mathematical machine, not conceived particularly for
sorting problems. Let us now point out the favorable aspects of the matter.
These seem to be the main ones:
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(a) All the disadvantages that we mentioned are relative ones (i.e. in
comparison to the properly mathematical problems) -- electronic sorting should
nevertheless be faster than mechanical, punch card sorting: In our above examples
by factors of the order of 10 to 100.

(b) The results of electronic sorting appear in-a form which is not
exposed to the risks of the unavoidable human manipulations of punch cards:
They are in the "inner'" memory of the machine, which requires no human manipu-
lation whatever; or in the "outer" memory, which is a connected, physically
stable medium like magnetic wire or tape.

(c) The sorting operations can be combined with and alternated with
properly mathematical operations. This can be done entirely by coded instructions
under the inner control of the machine’s own control organs, with no need for
human intervention and no interruption of the fully automatic operation of the
machine. This circumstance is likely to be of great importance in statistical
problems. It represents a fundamental departure from the characteristics of
existing sorting devices, which are very limited in their properly mathematical
capabilities.



