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PREFACE

This report has been prepared under the terms of Contracts
W-36-034-0RD-7481 and DA-36-034-ORD-19 (Project No. TB3-0007 F)
between the Research and Nevelopment Service, U. S. Army Ordnance
Corps and the Institute for Advanced Study. It is a final report on
the latter contract, covering the period up to 1 July 1952.

This report is issued in two parts: Part I (text) and Part
II (drawings). Part II is separate from this volume and comprises
the complete circﬁit érawings for the completed machine.

Certain accessory devices, notably a magnetic drum and an IBM
input-output system, were added in the period subsequent to 1 July

1952. These will be described in a following report.

John von Neumann
Project Director

Institute for Advanced Study
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1.

I. MATHEMATICAL ASFECTS

In the succeeding pages of this chapter we shall describe the
workings of the principal organs of the machine insofar as they con-
cern the preparation of codes. We assume the reader is familiar with
a previous report entitled, "Preliminary Discussion of the Logical De-

sign of an Electronic Computing Instrument” (1946) by Burks, Goldstine,

and von Neumsnn; in future references we indicate this report by FD.
Tn this chapter we discuss those features of the arithmetic part of
the machine which are relevant from a mathematical point of view.

In a consideration of the Arithmetic Organ one is naturally led
first to discuss the number system employed. In spite of & long stand-
ing tradition in favor of the decimal system we Were lad both by logical
and engineering considerations to employ the binary systenm. Since the
control portions of the machine are carrying out purely logical func-
tions and since logics are best expressed as binary operations the
reasons for a binary representation, at least, of the orders for the ma-
chine are evident. On the engineering eide the components out of which
the machine is constructed are again binary in nature: The "flip-flop"
1s fundamentally & binary device; the "gate" is also; and the process of
gtoring charge in the dielectric face or acfeen of the cathode ray tube
used in the Memory is again of this same character. Hence, if one con-
templates employing the decimal system, one is forced to a binary coding
of the decimal system, each decimal digit being represented by a tetrad

of bipary digits. Thus a precision of 10 decimal digits would require



40 binary digits. But in & true binary representation about 33 digits
suffice to achieve a precision of 1010. Thus one is led to use Memory
space -- recall that this is the most "expensive” portion of the instru-
ment -- wastefully. It will also be seen as the discuesion proceeds
that the arithmetic portions of the machine are much eimpler logically
and hence enginsering-wise in the binary system than in the decimal one.

To illustrate thia letter point consider the problem of multipli-
cation. In the binary system the product of a numbér x by a binary digit
is either x or null according as the digit is 1 or 0. In ths decimal
gystem, on the other hand, there are ten possible values for the product
of a digit by x, 0.x, 1.x, ..., 9.x. Thus decimal multiplication is
fundamentally a more complex operation than ig the binary one and this
will be expressed in & decimal instrument either by & circuit complica-
tion or by the multiplicetion being slower. Similar remarke can be made
about the other arithmetic processes.

It is often argued that not withstanding these complications the
decimal system is easier from the human point of view. Our machine,
however, is such that data may be introduced either binarily or decimally
snd can be withdrawn in the same fashion if desired, and this without any
circuitry. The conversions are trivially handled by extremely simple
codes.

It is perhaps well to give at this point some detalls on the method
of introducing dsta into the machine to enable the reader to develop
gradually a feeling for the overall economy of our establishment. Each

plece of information is introduced as an aggregate of 10 quantities in



the hexadecimal system. In this number system there are 15 integers 5,
..., 9, 10, 11, 1z, 13, 1%, 15 which we call O, ..., 9, A, B, C, D, E,

F. Thus the first 10 of these integers are exactly the decimal Iintegers,
so that & decimal quantity introduced into the machine is given its
familiar and usual form. A binary number or order -- these are in binary
form as will bs explained in the chapter on the code -- is expressed as
10 tetrads of binary digita, i.e. as 10 hexadecimal integers.

The decision as to whether a given quantity i{s to bde treated by
the machine ag the decimal representation of a given number or as the
hexadecimal representation of a binary number is left to the coder. I.e.,
he knows which of the data he has introduced is decimal and must be con-
verted by the machine into a binary form and which is already binary.
This decision places no more burden on the coder than does that one
vhich requires him to know which data are orders and vhich are numbers.
Indeed, the two problems are quite intimmtely related. Generally, in
coding a given problem it is the practice to place in a block of consecu-
tive positions the decimal informetion. This makes the conversiom of
these numbers into their binary form a simple inductive procedure deter-

mined only by the number of places desired and the locations of the
initisl and terminal quantities.

We leave this subject for the present and return to it later after
we have described the orders themselves.

The Arithmetic Organ is a 40-fold aggregate of binary unita. We
use the first of these to record the aign digit of a number and the re-

maining 39 for digital information. Thus each "word". i.e. amaregate of
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40 binary digits, vieved as a binary number has a precision of 2 39

~ 10-11'7. We have chosen to fix our binary point immediately to the
left of the first digit of numerical materiel, i.e. the kinary point

is fixed immediately after the sign digit. Thus the digits -- apart
from the sign -- have positional values 2'1, 2'2, coe, 2739, As & mat-
ter of fact, as far as our Adder is concermed the sign is treated as e
binary digit vith positional value 2°.

Before procesding from this point it is well to discuss our
treatment of negptive numbers in the machine since this has bearing on
the character of the Arithmetic Organ. To do this we say first a word
about our Adder. If one regards our numbers x = (xo, Xy e x39) as
Lo-diglit quantities Xy 20 4 x, - ol X39 " 2’39, then our
Adder as far as digit-adding and carrying mechanisms are concerned
functions identically in all places with one exception: If a carry
proceeds from the left-most digit, it 1s "lost" (cf., however, our dis-
cussion below of the division operation). This Qeans clearly that the
augend and addend, both of which lie between O and 2 have produced a
sum greater than 2 will omit the 2. This 1is, of course, nothing other
than a statement that the Adder functions modulo 2.

In this sense all numbers represented in the machine can be viewed
as being modulo 2. We have used this fact to determine our representa-
tion of negative numbers. If x is an arbitrary real number, then there
is exactly one number X between O and 2 with which it agrees modulo 2,
{.e. for each x there 1s & uniqus X such that 0 <X <2 and x = X (mod 2).

This fact fixes our representation of negative numbers.



At
-

We agree alweys to 3:21 with nuders x for whish -1 <x <1
Now the X sssocisted with x is x if x 225 thus, 0 €Y <1 in thig
case we revreszent x by the dlzitaltzed form c* %. It cleuarly has
Xy» 1ts sizn diglt +, 1.e. 0. If x <0, then zx = X + 2 and we have
1<x <2, i.e. the left-most digls of X 1s 1, i.e. -. Thus we always
represent a nuuber z by the digitalized form of x and have the conven-
tion that + is 0 and - 1s 1 with the left-most digit being the sign.

In closing this discussion we mention the relation of our repre-
gentation of negative numbers with that of complemsntation®. Consider
8 negative number x with -1 Sx<0and let y = -x. Then 0 <y <1
As we sald above we digitalize x by representing it as x + 2 =2 - y =
1+ (1l -y). Then the left-most digit of this representation ia, cor-

rectly, 1 and the remaining digits are those of the complement of y =

| X |- This 1s what is frequently called the representation by comple-

mentation of negative numbsers.

The Arithmetic Organ proper contains the folloving principal
units: 3 Reglsters of 40 digits each (cf. however, below for an excep-
tion to this), an Adder, various sets of gates whose functions will be
made clear in what follows, and a Control Unit to supervise the perform-
ance of the various Arithmetic orders. In the accompanying figure
We show schematically the interrelations between some of these and in

later figures we show more details.
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As indicated in the figure the inputs (40-fold in each case) to the Adder
are from Registers I and III -- we shall use the sumbols RI and RIII in
the future -- and the output of this unit is stored back in RI. Again
informstion in RIII can be communicated to RII and hence to RI without
proceeding through the Adder. In an addition the augend is originally
in RI and the addend in RIII, the sum being placed in RI at the comple-
tion of the operation.

To make clear the subtraction we-mnst meke mention of a unit

called the Complement Gate Chassis which intervenes between RIII and

the Adder, as indicated in the figure below.

Acvsor o

o~

| Compiemernt’

e . /
bowe Compieir 0T satoi—e Adder

g IIT

Tig. I. 2.



This chassis permits one of three modee of communication between
RIII and the Adder. If a number x is stored in RIII, then either the
Complement Gates permit x, the complement of x or O to enter the Adder;
or, to be more precise, if x = (xo, ) x39), then either x or
(1= Xos L%y, ooy 1-139) or 0 = (0, 0, ..., O) is permitted to enter
the Adder from RIII. If it is the middle case, then the Arithmetic
Control also "injects" a digit 2-39 into the Adder. This, as we shall
see, correctly handles the operation of subtraction.

To form x - y we proceed as follows: the Arithmetic Organ has
x in RI, y in RIII and has been instructed to form the difference. It
fepms, apart from the "compledent correction” just mentioned,

¥ sy et axs 2oy -2

correction then has the effect of removing this last 2739 ana yielding

The complement

the correct difference.

We leave this discussion of the separate units of the Arithmetic
Organ for the moment but with the intention of returning to 1t shortly.

The multiplication operation is somswhat more delicate in a cer-
tain sense than are the addition and subtraction because ths procedure
based on the modulo 2 fails completely. If one changes one factor, say
x, of a product xy by a two, then the nev product differs from xy by 2y
vhich is not generally an integer multiple of 2 since -1 <y < +1.

To effect a multiplication we store the multiplication in RII
and the multiplicand in RIII. We carry out the process by seriatim
multiplying the entire multiplicand by the digits of the multiplier

starting with the least significent one.



The multiplication proper takes place in 39 steps, corresponding
to the 39 non-sign digits of the multiplier, together with several "clean-
up" operations in addition. We describe all this below. For simplicity
we first consider the case in which both the multipller x = (xo,  SWIREEY
139) and the multiplicand y - (yo, Tys cos 139), l.e. Xy =7y = 0 and
hence 0 < X >1,0L7< 1.

Assume we have already performed the first 1 - 1 steps of the
multiplicetion involving the miltiplication of the multiplicand by the
last 1 - 1 digits of the multiplier, 339, x38, veey Xy oy Ve describe
now the multiplication with the i-th digit, i.e. with X0t Assume
that RI contains the partial product after the last step, Py (for
1=1,p = 0). We form

-

2py = Py_y * ¥y vith y, = élo £ Thyoug 7 O

v for N 1.
I.e. if x), , = 0 ve define p, as /2ot p, ,end if x  , = 1es 1/2
of (pi_1 + y). Consider now the sizes of the quantities 2p, - For 1 = 0,
0g2py <2 (since py Z 0); now if this is true for i - 1, then our dis-
played definition above makes 1t also trues for 1. Thus 2pi lies in the
interval 0 £ 2p < 2 and no carry can arise beyond 20-poaition.

Thus Py ig formed from Qpi by a right shift with the sign digit

made O. Finally we have

-1,.-1,.-1 -1
Pag 2 (g7 (2" (.. (2 X3 ¥ + X3g y). o)+ X, V=
) 39 -1 i}
- Z_ i"l :?- xi y xy,
{.e. we have our correct product. We describe later how we achieve this

in the Arithmetic Organ. At the moment, however, we turn instead to the
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other possible cases, namely: x <O, y >0, x< 0, y<0, x 20, y<o.
We pass now to these cases and describe how they are performed.

If x <0, then it is represented in the machine as x + 2. Thus for x < 0,

y > 0 the procedure we have just described would form not xy but Xy + 2y;

for x <0, 7 <0 1t would form xy + 2x + 2y + 4; for x >0, y <0 it would

form xy + 2x. Hence, correction terms 2x, 2y or both would be needed. As
we shall see later these corrections would be quite awkward for us to per-

form, particularly the correction 2x since we in fact lose the digits of
the multiplier as they are no longer needed. The reason for this will
beccme apparent Iin the next section.

Our procedure is this: First let us assume that the corrections
necegsitated by y < O have been disposed of and permit y to be either <0
or > 0. Ve focus ettention now on x < 0.

We disregard the sign diglt of x and act as if it were 0. Then x is
replaced by xl = x - 1 but gince -1 < x<¢Oxl will act as if it were (x - 1)
+ 2. Hence our procédure for multiplication will produce xly = (x +1) y=
Xy + y. We therefore need a final correction in this cese of -y at the
end of the process. Thus in the cases x < O we procesd through the 39
steps described earlier and thereby form xy + y and then we must perform
another step to subtract out the multiplicand y.

Having disposed of the difficulties that arise when x < 0, we may
now assume X > 0 and consider the one remaining case, vamely y < O.

Suppose this time that we ignore completely the eign digit of y,
or rather that we replace it by 0. Then if yl =y - 1, we have as before

xyl = x(y + 1) = xy + x and a correction -x is needed. Since, howaver,



we do not have x, the multiplier, available at the end of the multiplica-

tion we must find a msans of applying this correction as the first 39
steps proceed.

We procesd in this fashion: when we examine the digit 139-1 of
the multiplier, we normally add into the partial product Py the number
y if ¥:g.4 © 1 and O otherwise. Iet us now modify this procedure as
follows:

2pi =Pyt ?1 with 91 = i 1lf°r Tho-1 °
k_y for Yooy = 1.
As before 0 < 2pi < 2 and no carries can proceed beyond the 20-

position. Let us see now what result we have produced by thi procedure.

2_1(2‘1(2'1(...(2'1x39y1 + 2'1(1-x39) + x3831 + (1-x38))...) +

bl
A)
O
1

+

1 1
29+ (1-x5)) + 3y + (1oxy) =

<

—

[}

= L)

) - - -39
21 2 i xiy1 + 39 2 i(l -x,) = xyl + 1-2 39 . X =

X(y-?—l) +1 - 2-39 - X = XY + (1 - 2"'39)'

i

Thus a {inal correctica of -1 + 2-39 is necessary. But this correction

which 15 done at the end can be effected modulo 2 and we can correct it

by 1 + 2m39,
We summarize now in & general description covering ell four cases.
We return now to our schematic discussion of the Arithmetic Organ.
Since we wish to retain the full 78 digits of a product, we have estab-
lished certain interconnections between RI and RII not yet shown in

Figure I.1. Before describing them we must indicate another feature of

RI and RII. Each of them is capable not only of receiving 40 digit
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pumbers and of transmitiling them, bui also of translating either to the

right or left whatever information is stored in them. We discuss the
logical implications of these shift facilities later. At the moment we
prefer to indicate how this is accomplished, at least in a crude way.
Each of RI and RII is in redity not one but two registers sult-
ably interconnected. Let us consider RI first. It consilgts of two
registers and four sets of 4O-fold gates. Let the two registers be
denoted by RI and RI. One set of gates intervenes between the Adder

,
and B°. Thus the output of the Adder is stored at least initially in

BI. Two sets of gates allow communication from RI to BI and a fourth
get allows commmnication from RI to RI.

The set which controls the comminication between the Adder and

BI the so-called fireen Gatea, {5 so wired that it makes digital posi-
P 22

tion 2’1 of the Adder correspond to 2'i of RI. One of the two sets con-

trolling the route from R* to R_, the so-called Red Gates, makes posi-

i

I)
I -(1-1) .

o? R correspond to 2 of ai, the other set, the so-called

I

tion 27
-1 -{i+1)
Black Gete, makes 2 = of R” correspond to 2 of RI- The fourth

set, the so-called Yellow Gate, from RI to R* makes 2”' of R correspond

I
to 2°% of RY. We indicate this below in Figire T.3.
A similar arrangement obtains with respect to RII. The structure

of RIIT is, however, simpler since it {s not called upon to perform

ghifting functions as are RI and RII.
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Figure I.3.

We can nov describe in somewhat more detail the operations
previously elluded to such a& the right and left shifts, the transfer
into RI, the addition, the subtraction, and at least part of the multi-
plication.

Consider first a number in Ry -- in both BI and RIT the units BY,
RII serve only as transient storage positions; all storage for more
than & few microseconds is in BI’ RII -- vhich ve desire to shift right
(left). The pArithmetig Control routes the imformation first to RI via
the Yellow Gate set, theaback to R, vis the Black (Red) Gate sot. (We
must describe later treatment of the sign digit.)

Next consider a number arriving in RI from the Adder. It 1e

I

trapsferred to R™ via the Greon Gate set, thento B_ via the Red set --

I
note this apparently causes the information in go.-poaition of the Adder
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to be lost. Actually it does not becuase RI has a 2+1 position for

I

precisely this reason; 1t is then sent back to R~ via the Yellow set

and finally beck to R. via the Black set. Note that it is now cor-

I

rectly positioned, i1.e. the content of 2'1-poaition of R, is that of

I
2'1-position of the Adder.
In the next figure we indicate the connections between RI and

the Adder, suppressing the gate sets.

EI
Adder
| T to
Ry | oo
T |
FromRII
Figure I.h.
Thua in an addition it 1s the quantity stored in RI that is added to

that in RIII, the result being placed temporarily in BI.

It should also be clear from whad has been said how the right
and laft shifts are performed. We must return later to desoribe cer-
tain details of these operations, such as the treatment of the sign
digit in the right shift and of the right-most digit in a left shift.

Before doing this, however, we must first describe two more
interconnections between RI and RIT. All interconnections described
previously have been LO-fold but the one we now describe differs in
that {hey are 1l-fold. S8pecifiocally the right-most stage of RI is con-
mected to the left-most one of RII in such a fashion that the route is
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from RI to RII but not back again. This connection is provided so
that whenever a right shift occurs the digits being shifted out of RI
are stored in RII. We make this connection quite specific in Figure

I.5 below.

[

FPigure I.5.
To provide for the comparable situation when a left shift occurs the

20 stage of RI 1s connected to the 2-39 stage of RII, as in Figure I.6

below.

Figure I.6.

We are now able to proceed further with the details of the
multiplication. The multiplier is initially placed in RII. (This
must be done prior to the multiplication order, c.f. 0.9 below.) Then
vwhen the multiplication is initiated the multiplicand is in RIII. An
observation post exists at stage 39 of RII which examines whether the

digit therein is O or 1 and acts accordingly, i.e. it does not or does




















































































